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Abstract—Simple methodology for stress analysis of laminates with obliquely-crossed matrix cracks
is presented. An oblique coordinate system along the matrix cracks is introduced in conjunction
with the derivation of oblique coordinate tensor components. Using displacement/strain covariant
components and force/stress contravariant components, it is shown that the obliquely crossed crack
problem with any oblique angle can be treated as the orthogonally-crossed crack problem, which
ensures that obliquely-crossed cracked laminates can be regarded as orthogonally-crossed cracked
laminates with appropriate transformation of properties. This approach is combined with two-
dimensional shear-lag analysis and analytical solutions of [6,/90,]s and [S/01,/90,]s laminates with
matrix cracks in both 6- and 90-plies under general in-plane loadings are obtained in terms of oblique
coordinate components. Calculated stress distributions are compared with 3D FEM results and the
effectiveness of the present analysis is verified.

Keywords: Laminates; matrix cracking; multi-ply damage accumulation; shear-lag analysis.

1. INTRODUCTION

Composite laminates are commonly used as various structural components in the
aerospace industry. The observed damage process of laminated composites during
operation is rather complex consisting of transverse cracks, delaminations, fiber-
matrix debondings, fiber fractures, etc. Among them, transverse cracks are often
the first observed damage mode under tensile loadings. Although this damage
mode is not critical from a final fracture point of view, it induces the reduction
of laminate thermo-mechanical performance, more severe damages and leakage
of contained liquid or gas. Thus, good understanding of the damage process of
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transverse cracks is necessary for evaluating the performance and durability of
composite laminates.

Transverse cracking in the off-axis ply of composite laminates has been exten-
sively studied and several analytical models have been developed to predict ef-
fective properties and stress/strain field of laminates with full-width transverse
cracks [1-10]. Most of the analytical models, however, are confined only to cross-
ply laminates containing central cracked 90-degree layers subjected to uniaxial
loadings. Further investigations focused on surface ply cracking [11—13], cross-ply
laminates under biaxial and shear loadings [14, 15] have also been analytically per-
formed. For the case of general laminates, it should be noted that analytical models
of cross-ply laminates are applicable to balanced symmetric laminates with cracked
90-degree layers in the thickness-wise center provided the constraint layers are not
cracked. In addition, accurate analytical model of general symmetric laminates un-
der general in-plane loadings or triaxial loadings is presented by McCartney [16].
These comprehensive researches lead to better understanding and correlation be-
tween the predictions and experiments of the damage accumulation in the initially
cracked layers that are usually 90-degree layers.

Contrary to the above-mentioned analytical investigations, few analytical works
focused on the damage accumulation in the adjacent plies of the cracked layers have
been attempted. Some researches deal with effective laminate properties or multi-
laminar cracking using the damage mechanics approach [17, 18], homogenization
method of a cracked ply [19, 20], etc. Although these ‘equivalent’ concepts are
tractable and efficient for the prediction of effective mechanical properties, only
the effective stresses/strains are obtained and the synergistic effects of the multi-
ply matrix cracks are neglected. For the case of cross-ply laminates with matrix
cracks in both 0-degree and 90-degree layers, several analyses including both crack
surfaces directly (without using the ‘equivalent’ concept) have been attempted by
Hashin [21], Aboudi ef al. [22], Tsai et al. [23, 24], Henaff-Gardin et al. [25, 26]
and Kashtalyan and Soutis [27]. However, these analytical models are confined
only to orthogonally-crossed matrix cracks and extensions to general layups have
mathematical difficulties.

In this study, an analytical methodology of obliquely-crossed cracks is presented.
Oblique coordinates along crack surfaces are applied to laminates with obliquely-
crossed matrix cracks. Covariant displacement/strain and contravariant force/stress
components in conjunction with the associated constitutive equation are derived in
relation to orthogonal coordinate components. Two-dimensional shear-lag analysis
in the oblique coordinates is examined for the case of [0,,/90,]s and [S/6,,/90,]s
laminates with 6-ply and 90-ply matrix cracks using stress boundary conditions in
the average sense. Stress distributions of laminates with obliquely-crossed matrix
cracks under general in-plane loadings are calculated and verified with the 3D finite
element analyses.
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2. OBLIQUE COORDINATE SYSTEM AND GOVERNING EQUATIONS
2.1. Oblique coordinate system

Let x and y denote coordinates along reference lines r; and r,, which are envisioned
as the obliquely-crossed crack surfaces as shown in Fig. 1a, with the coordinate z
along the line perpendicular to the plane including the lines r; and r,. The covariant
base vectors g; with unit length are set along these coordinate lines as shown in
Fig. 1b, while the contravariant base vectors g’ can be defined with the reciprocal
relationship between these vectors. An arbitrary vector can be resolved along the
covariant and contravariant base vectors as [28]

b= bigl’ = bigi, (1)

where b; and b’ denote the covariant and contravariant components of the vector.
Also, a second-order tensor A is expressed as

A=Algog =Ageg =Alg®g =48 ¢, )

where A;; and A" are covariant and contravariant components and A/ and A’
denote mixed components of the tensor.

Considering that ordinary analysis in solid mechanics is performed in the orthog-
onal coordinates, the x—y—z orthogonal coordinate system, based on orthogonal unit
base vectors iy, i, and i3, is set in a manner that the line of x is arranged at #-degrees
to the line r; and y, z are located in the same directions as y, z as shown in Fig. 1a.
The coordinate transformation of a vector b from x—y—z system to x—y—z system is
expressed in the matrix form, for the covariant components, as

cosf sinf O

bil=| 0 10 |[b]=1[Z]b], 3)
0 0 1
I,
yiy 5 : L
90/ ,fc'/. ; - ,’E
] L D
~ e
/./-/:// .
o //i/
|
i

Figure 1. Orthogonal and oblique coordinate system: (a) coordinate system, (b) base vector.
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where [b;] = [b; by b3]7, etc., and for the contravariant components
[6'] = [Z]""[b]. )

Using these transformation matrices, covariant components of the second-order
tensors can be obtained in the oblique coordinates,

[Ai] = Z1[Al[Z]", )
and the contravariant components are derived as
[AY] = [z [AllZ] " (6)

In the following, the repeated coordinate indices are reduced in matrix-form no-
tation, e.g. oy, — o,. As discussed later, the covariant components of displace-
ment/strain and the contravariant force/stress components are used in this study.
The relationship between the corresponding oblique coordinate components and or-
thogonal coordinate components are derived straightforward using equations (3)—(6)
as

Displacement (covariant): [u;] = [u, v, w]"
u u
v |=[Z]|v @)
w w
Force (contravariant): [F1=[F*, F¥, F{]"
F* F,
=1z | F | 8)
F* F,
Strain (covariant): [eij] = [&x, &y, &2, Vyz, Vrzs yxy]T
e, ] [cos?60 sin?6 0 0 0 cos@sind | [ & |
&y 0 1 0O O 0 0 gy
e | _ 0 0 1 0 0 0 & | _ _
v | =10 0 0 1 0 0 7, | = el
Vz 0 0 0 sinf cosf 0 Yz
| Vay | i 0 2sinf 0 0 0 cost | Yy
)
Stress (contravariant): [0V] =[0%, 07, 0%, 9%, 7%, 79T
o ] 5
o” oy
ot _ -T &z
_L,yz - [T] _L—,yz . (10)
X2 T
T | Toy |
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2.2. Governing equation

In the non-orthogonal coordinate system, stress-strain or force-displacement com-
ponents should be set as contravariant—covariant, mixed—-mixed, or covariant—
contravariant pairs to obtain physically significant work or energy [28]. Consid-
ering the symmetry characteristics, displacement-strain relationship and Cauchy’s
formula, it is natural to apply displacement/strain covariant components and force/
stress contravariant components to the analysis in non-orthogonal coordinates.
Therefore, the above-mentioned components are applied in this study.

The equilibrium equations in terms of oblique coordinate components can be
written as

ol + X =0, (1D

where X' is the contravariant component of body force and |; stands for the
covariant derivative. The Cauchy’s formula is expressed as

F'=o0''n, (12)

F' and n; denote the contravariant components of force vector and covariant com-
ponents of the normal vector respectively. Under infinitesimal strain assumption,
the displacement-strain relationship can be expressed as

1
&ij = E(”ilj +ujli). (13)

The constitutive equations between the contravariant stress components and the
covariant strain components are derived including initial strains € as

o = QM (e — &7, (14)

where the stiffness components (4th order contravariant) can be obtained using
equations (9) and (10) as

QM) = [T "IONT]T " (15)

Each component is given in the Appendix.

When governing equations are expressed in terms of oblique coordinate com-
ponents, the obliquely-crossed crack problem with arbitrary oblique angles can
be regarded as an orthogonally-crossed crack problem as depicted in Fig. 2. In
real problems, laminates with obliquely-crossed crack geometry are considered.
However, in the analytical procedure, transformation to models with orthogonal
crack geometry, in which oblique coordinate components should be applied, is
valid. Therefore, analysis of the obliquely-crossed problems can be performed using
the orthogonally-crossed models with appropriate oblique coordinate vector/tensor
components. The finite element method or any other analytical methods may be
combined with the present scheme.
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Figure 2. Transformation of obliquely-crossed problem to orthogonally-crossed problem with
oblique coordinate components.

3. STRESS ANALYSIS OF LAMINATES WITH OBLIQUELY CROSSED CRACKS

Stress analytical methods of [6,,/90,]s and [S/6,,/90,]s laminates with matrix cracks
in both 8- and 90-plies (S denotes sublaminate) under general in-plane loadings are
derived using the above-mentioned oblique coordinate components combined with
two-dimensional shear-lag model. Although [¢n/@,]s and [S'/¢pm/@,]s laminates
with matrix cracks in both ¢- and ¢-plies should be generally considered, these
layups can be regarded as [6,,/90,]s and [S/6,,/90,]s laminates after conventional ro-
tational transformation. Thus, the oblique coordinate system defined in Section 2.1
is applied to the [6,/90,]s and [S/6,,/90,]s laminates in a manner that x—y coor-
dinates coincide with the fiber directions of 8- and 90-plies, respectively. The an-
alytical solutions are obtained by solving the governing equations with boundary
conditions using the orthogonally-crossed models incorporating the oblique coordi-
nate components.

3.1. Problem set

For the modeling of [6,,/90,]s and [S/6,,/90,]s laminates with matrix cracks in
both 6- and 90-plies, it is assumed that matrix cracks in both layers exist with
uniform densities completely traversing in the fiber direction and are symmetrically
arranged with respect to the central plane. The crack densities in 8- and 90-degree
plies are set as 1/(2/, cos @) and 1/(2l, cos 0) respectively, where /; and /, are half-
lengths of crack spacing in 6- and 90-degree plies along the oblique coordinate
system. Thus, the representative volume to be analyzed can be taken as shown
in Fig. 3 for (a) [0,/90,]s and (b) [S/0,,/90,]s. The obliquely-crossed problem
can be regarded as an orthogonally-crossed problem with appropriate components
as shown in Fig. 3. The oblique components of applied in-plane stresses [o] =
[0* 0¥ T]T or strains [¢] = [e, &y yxy]T can be calculated using the orthogonal
components [6] = [0, Gy Tyy]” or [E] = [&, &y 7xy]" and equations (10) or (9). In
notation, ply indices of S-, 8- and 90-plies corresponds to 0, 1 and 2 respectively
inscribed in superscript parentheses and superscript (k, kK + 1) means the interface
between k-th ply and (k + 1)-th ply.



Downloaded by [Siauliu University Library] at 07:02 17 February 2013

Stress analysis of obliquely-crossed cracks

127

&>
21,

(b)[S79,,/90,] model

Figure 3. [61,/90,]s and [S/61,/90,]s laminate models with obliquely-crossed matrix cracks in - and
90-plies: (a) representative volume in real problem, (b) transformation to orthogonal problem.

3.2. Shear lag model

In the shear-lag model, only in-plane stresses in each ply and out-of-plane shear
stresses at the interfaces between the plies are incorporated. The in-plane stresses
are assumed to be constant in the thickness direction, or through-the-thickness av-
eraged stresses are taken as generalized in-plane stresses. In this study, constitu-
tive equations between in-plane displacements in each ply and out-of-plane shear
stresses at the interfaces, which were derived by Caron and Carreira [29] using the
Hellinger-Reissner variational principle, are utilized

where

- — —(k—1,k
|:u(k) _ G+ (k=1.k)

—17®) xzZ A (k, k1)
l_}(k) _ l—](k+l)i| - [I ] _E(k—l,k) + [C ]

vz

7 (k+1,k+2)

7417 | “xz

+/ | Fk+1k42) |
yz

k o) Gk k+1 ck+1)
1O S S t*D | Sg

~ 55 45
[C(k,k+l)] = — | ~ + ~
(k) (k) (k1)
3 S45 S44 3 45

&) [ cto G
[I_(k)]zt— Sss Sas

= (k,k+1)
Xz
f}{lj,k+1)

(16)

alk+1)
45
clk+1) |2
44
(17)
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and S;; and ¢ denote the compliance and thickness. It should be noted that equa-
tions (16) and (17) are expressed in terms of orthogonal coordinate components.
With the conditions of stress-free surface and central surface, interface constitutive
equations of [6,,/90,]s laminates can be derived as

T | [CUD]! a —a® (7] uh —u® (18)
712 | = ;0 _ ;o | = ;0 _ 5o |-
Transformation to the oblique coordinate components leads to
. -1
27 gecd 0 i cosf sinf ul® —y®@
0202 | T | Zng 1 [H] o 1 v — @
- PO NG
= oD @ |

Similarly, interface constitutive equations of [S/6,,/90,]s laminates are expressed in
terms of oblique components as

(19)

(0,1) 0.1) &) )
£x20.1) Cy’ Co' Ly I u©® _ M
) (0.1) (0.1) () (1)
O G GOy Iy, Iy, v @ —p®
rxz(1.2) Ja 7 C(I,Z) C(l,z) u® — @
e R e A e
I Ly Cy7 Gy (20)
4@ _
(0) (1)
@ —y
=[H o _ 0|
u —u
oD _ @

where

: -1
(ktDyy _ [€osO sin@ [ =, .| secd O
1€ ]_[ 0 1 € I —tanf 1| ~

: -1 1)
(0] [cog@ snll@] [I_(k)]|: sec (1)] '

—tan 6

Equations (19) and (20) are interface constitutive equations based on oblique
components for [6,,/90,]s and [S/6,,/90,]s laminates respectively.
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3.3. Stress analysis of [0/90,]s laminates

Through-the-thickness integrated equilibrium equations can be expressed using (11)
as

x(1) xy(1) x(2) xy(2)
ex:2) — ;099 (T @080 T
ax dy ax ay 2
9oy oy oY@ ATYD® (22)
v201.2) () e — @ E) ‘
ay ax ay ax
Combination of (13), (14), (19) and (22) leads to
Agl)u“) + A(zl)v“) =H;u® —u®)+ How® —v®),
Ag)u(l) + Ag])v(l) = Hy (u® —u®) + Hy(v® — v @), @3)
Aﬁz)u(z) + A;z)v(z) =H;u® —u®)y + Hpow® — o),
A;2)u(2) + AQZ)UQ) = Hy(u® —u®) + Hy(v®@ — v M),
where
02 02 02
k) _ 20 97 (k) * 97
A1 _All axz +2A16 ax8y+A66 8y2’
© _ a0 ® 4ty w 0
A; :A16@+(A12 +A66)m+’426 Pk (24)
92 92 92
(k) _ 40 (k) (k)
Ay = A 57 +24% axdy + As; oy
Al(;() — l‘(k) Qz(';'()’ (25)

and H;; and Q;; denote the components of the matrix [H] in equation (19) and
in-plane properties of [ Q”/*] in equation (15) respectively.
To solve the equations (23), the following solutions are assumed

e al b, ef 27"
4@ a | . . 1 L p
o0 [ = | 4 sinh(Ax) + bs sinh(ky) + nyl; X+ 2’2@* y, (20
(2) &
] L o el S
_2yxy_ B Sy _

where [¢7] = [ey, &y, yiy]" are unknown constants. Substitution of (26) into (23)
indicates that the general solution can be obtained as an eigenvalue problem. The
two positive real sets of characteristic values A; and k; (i = 1, 2) and corresponding
vectors [a;] = [a;1 aix a3 aia]” and [b;] = [bi; bix biz bis]” are obtained for the
common material properties.
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The covariant strain components can be expressed from (13) as
g®

e(k) Z Ail (k) ] cosh(n;x) + Z B[ (k) ] cosh(k;y) + [£”],

k 1 1
yx(y ) i= i=

and contravariant stress components are derived as

Gx(k)
Al i=1 i=1

where A; and B; are unknown constants and,

[mz('l)]:[an)»i 0 airil’, [ ()] lai2di O aiahil",
[nzw]:[o bisk;  biki]’, [(2)]:[0 biaki  biosei]"

[¢"] = 10®1[m"],
(1] = 10®1[~"],

[ p(k)] [Q(k)][ gT(k)]‘

2
o¥® | = Z A,»[gi(k)] cosh(A;x) + Z B; [hfk)] cosh(k;y) + [oP®],

27)

(28)

(29)

(30)

(31

Note that [Q®] and £7® are in-plane stiffness and thermal strains in the k-th ply,

respectively.
The boundary conditions are used in average sense as

1 (b 1 (b

— [ o*®Pdy=0, — [ 2®dy=0,
R LR 2 Jy,
=+ 1 2 ! 1 2
L gx(l)dy: [()+t()ax L I t"y(l)dy: t 4@ .
21 ), 1M I () ’
(32)
1 12 1 l
_ / oYM dy = 0, W gy = 0,
2L, ), 2L,
y = =+, 3 1 b D 4@ 1 12 D 4@
_ P dx = —— 5V _ Dy = — W
21, t®@ 20 @

(33)

It should be noted that the last equation in (33) is satisfied under the requirement
of the other equations. Thus, unknown constants Ay, Ay, By, B, €y, €}, yiy can
be determined using (32) and (33). The strain/stress components in the orthogonal
coordinate system can be obtained using the inverse relationship of (9) and (10) as

functions of oblique coordinates x and y.
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3.4. Stress analysis of [S/0,/90, ]s laminates

The analytical procedure is identical with the previous section. Through-the-
thickness integrated equilibrium equations are expressed as

9o >0 9ty
+ 1O

23201 — 40

’

ax ay
y(0) xy(0)
20 _ 99 ;97 ’
ay ax
x(1) xy(1)
£xe(12) _ 2az0.0) — 4(1) do 1+ g ’
ax ay (34)
9oy oy
21D _ 1y _ (1) 1 ’
ay ax
x(2) xy(2)
) _ @99 @07 ’
ox ay
y(2) xy(2)
_ a2 _ 099 e (Aiided
ay ox

Combination of equations (13), (14), (20) and (34) leads to the simultaneous
differential equations. Following the same procedure as the case of [6,,/90,]s
laminates, the four positive real sets of characteristic values A; and k; (i = 1, 2, 3, 4)
and corresponding vectors [a;] and [b;] are obtained.

The covariant strain components can be expressed as

[¢®] = Z Ai[m®] cosh(ix) + Z Bi[n{"] cosh(k;y) + [¢71,  (35)

i=1
and contravariant stress components are derived as

4 4
[0®]=>"Ai[g"]cosh(xix) + Y Bi[n{"] cosh(iiy) + [07®].  (36)

i=1 i=1
where

[mfo)] =[anti 0 aur]", [m,m] = [anki 0 aisi]",

[m,@] = [azki 0 aighil”, [”lfo)] =[0 bux; bix]l", (37

[n,m] =[0 bisk; biok;]", [n,(»z)] =1[0 biek; bisk;]"
are utilized along with equations (30) and (31).
The boundary conditions applied to this problem are similar to the previous case.

When in-plane strains (covariant components) are prescribed, the average strains in
S-ply are identical to the whole laminate strains. Thus,

©
dxdy = ¢;; 38
41112 / y = &;j (38)
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are used and iso-displacement conditions on the crack plane except for crack
surfaces lead to

[1 ll
/ @® —vQsing)dy = / @ —vWsing) dy
x=+h,1"% % (39)

@ —vQsing)dy = @ — vV sin6) dy,
-1 -1

b h
/ W — 4 sin 0) dx =/ W? — u?sin0) dx

0
WO —uDsing)dx = | % —uPsino)dx,
—Ip —b

Combined with the stress-free conditions on crack surfaces, unknown constants can
be determined. Therefore strain/stress distributions in [S/0,,/90,]s laminates with
matrix cracks in both 8- and 90-plies under general in-plane loadings are obtained
analytically.

4. ANALYTICAL RESULTS AND DISCUSSIONS

In order to verify the effectiveness of the present analytical method, stress distrib-
utions of laminates containing obliquely-crossed matrix cracks are calculated and
compared with the 3D finite element analysis.

[6/90]s laminates are considered first. The ply thickness is set as 0.125 [mm],
crack spacings are assumed as /; = 0.50 [mm], /; cos & = 0.50 [mm]. The applied
in-plane stresses are o, = 50 [MPa], o, = 50 [MPa] and 7,, = 0 [MPa] in
orthogonal coordinates. The material properties used in the analysis are summarized
in Table 1 and residual thermal stresses are neglected here. For the finite element
calculation, the upper half of the laminate containing nine representative volumes
is modeled subject to uniformly distributed forces except for crack surfaces. Stress
distributions in the central representative volume are used for verification and the
stresses are averaged along the thickness direction in one layer.

Analyses for three cases (6 = 30, 45, 60 degrees) are performed and comparison
of the stress distributions (transverse stress normal to fiber direction) in 90-degree
layers obtained from the present analysis and finite element analysis are shown in

Table 1.
Material properties used in the analysis

EL (GPa) Et (GPa) VLT VIT Grr (GPa) Gt (GPa)

147 8.3 0.352 0.45 4.7 2.87
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Figs 4-6. The x and y axes denote the oblique coordinate and stress components
in the orthogonal coordinates are used here. These stress components increase as
approaching x = =/, on account of the existence of matrix cracks in 6-ply. For all
cases, results from two analyses are closely comparable. Although some deviation
of stress distribution near the boundary is observed because of the use of average

sigx(90)

sigx(90)

x10

x10

S S SSIS TN

A2
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Z 7

e &
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P e e
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S
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Figure 4. Transverse normal stress distribution in 90° layer of [30/90]s laminate subjected to bi-axial
loadings: 2D shear-lag (upper) and FEM (lower).
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Figure 5. Transverse normal stress distribution in 90° layer of [45/90]s laminate subjected to bi-axial
loadings: 2D shear-lag (upper) and FEM (lower).

boundary conditions in shear-lag analysis, fairly good correlation between the two is
obtained. Cross-sectional views of the distributions of [45/90]s laminate are shown
in Fig. 7. Effectiveness of the proposed simple analysis is also confirmed through
this figure. It should be noted that this analytical solution is attained with little
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Figure 6. Transverse normal stress distribution in 90° layer of [60/90]s laminate subjected to bi-axial
loadings: 2D shear-lag (upper) and FEM (lower).

more effort than the case of cross-ply cracks [23—27] because oblique problems are
considered as orthogonal problems.

Stress analysis of [—6/6/90]s laminates containing 6- and 90-ply matrix cracks
is presented next. The crack configuration is identical to the previous example;
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Figure 7. Cross-sectional distribution of transverse normal stress in 90° layer of [45/90]s laminate
subjected to bi-axial loadings.

[y = 0.50 [mm] and /;cos® = 0.50 [mm]. The applied in-plane strains are
&, = 0.50%, &; = y, = 0 in the orthogonal coordinates. The stress distributions
(transverse stress normal to fiber direction) in the —6 ply (6 = 15, 30 and 45) are
plotted in Fig. 8. Stress components increase at the vicinity of crossing regions
of 8- and 90-ply cracks. Thus, in this laminate configuration, matrix cracks in the
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—6 ply are susceptible to initiation at the vicinity of the intersections of 6- and
90-ply cracks.

5. CONCLUSIONS

Simple methodology for stress analysis of laminates with obliquely-crossed matrix
cracks is presented with the introduction of oblique coordinate system along
obliquely crossed crack surfaces. Covariant displacement/strain and contravariant
force/stress components in conjunction with the associated constitutive equation
are derived in relation to orthogonal coordinate components. It is identified that
the obliquely-crossed crack problem with arbitrary oblique angles can be treated
as an orthogonally-crossed crack problem, which ensures that obliquely-crossed
cracked laminates can be regarded as orthogonally-crossed cracked laminates with
appropriate properties.

This approach is combined with two-dimensional shear-lag analysis and analytical
solutions of [6,/90,]s and [S/0,/90,]s laminates with matrix cracks in both 6-
and 90-plies under general in-plane loadings are obtained in terms of oblique
coordinate components. Calculated stress distributions are verified with 3D finite
element analyses and the effectiveness of the proposed method is confirmed.
Multiple ply crack accumulation process is also investigated by calculating the
stress distributions in the adjacent intact layer in the presence of obliquely-crossed
cracks.

Because of the treatment of oblique problems as orthogonal problems, this
analytical procedure has no more difficulties than the cross-ply cases [23—27]. The
present formulation is based on the direct treatment of obliquely-crossed cracks
as stress-free boundaries. Therefore, the synergistic effects between matrix cracks
in two layers, which are included only in average sense in the homogenization
method [19, 20], are incorporated in this analysis. The present method is expected
to contribute to the clarification of the multi-ply damage mechanism in laminated
structures.
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APPENDIX

Each component of the stiffness matrix in equation (15) is written below.

(011 Q01 Qi3 O 0 Qi |
O» 0Ox 0 0 0O
Oy 0 0 Qs

ijkly _
L0771 Osus Qss O
sym Oss 0
i Qs |
011 = 01 sec* 6,

: (A.D)

Q1= 0y1sec’Otan 6 + Qpsec? — 20 6 sec? 6 tan b,

Q13 = Qi3 sec? 6,

Qis=—01sec’Otand + Q¢sec’ 0,

02 = Oy tan* 0 +2(Q12 + 2Qs6) tan’ 0 + 02>
—4Qgtan’ 0 — 4056 tan 0,

02 = 023+ Q3tan’ 0 — 2034 tan 6,

0x = —011secOtan® 0 — (Q12 + 2Q¢s) sec b tan O
+3Q16sechtan® 0 + Oy sech,

03 = 01,

036 = —Q13 secHtanf + Q36 secH,

Qus = Qa4 — 2045 tan 6 + Qss tan> 6,

Qs = Q45 secH — st secf tanf,

Oss = Qsssec? 0,

(A2)

Qce = 011sec?Otan?6 — 20 6 sec 6 tan 6 + Qg sec? 6.



